The problem of estimating the population proportion possessing a sensitive attribute using simple random sampling with replacement (SRSWR) is advocated. Two new procedures are proposed. The suggested models are more efficient than the Huang (2004) randomized response technique under some realistic conditions. Numerical and graphic illustrations are given.
Introduction
Socioeconomic investigations often relate to certain personal features that people desire to hide from others in comprehensive inquiries, detailed questionnaires include numerous items. Direct questioning of respondents about them is likely to result either in non-response or in a deliberately incorrect answer. Social stigma and fear of reprisals often lead respondents to give biased, misleading, or even erroneous responses when approached with a direct response (DR) survey method. Even for the reason of merely being unwilling to reveal secrets to strangers, many individuals attempt to avoid certain questions put to them by interviewers.
Consider a dichotomous population in which every person belongs to either a sensitive group A or to the non-sensitive complement A c . The aim is to estimate π, the population proportion of individuals who are members of A. To do so, a simple random sample of size n is drawn from the population with replacement. Let T be the probability that the respondents belong to A report the truth. The respondents TARRAY & SINGH 636 belonging to the non-sensitive group A c have no reason to tell a lie. For a DR survey of size n, the interviewee is asked if they are a member of A. Then we have a direct estimator where X i = 1(0) if the i th interviewee responds Yes (No) and θ D = πT.
To procure reliable sample data for the population proportion of the respondents belonging to the sensitive group A, Warner (1965) proposed an ingenious procedure called Warner's randomized response technique. This pioneering work led to modification and developments in several directions; for instance, see Fox and Tracy (1986) , Mangat and Singh (1990) , Mangat (1994) , Mahmood, Singh, and Horn (1998) , Chua and Tsui (2000) , Sing, Singh, and Mangat (2000) , Chang and Huang (2001) , Huang (2004) , Chang, Wang, and Huang (2004a, b) and Singh and Tarray (2012 , 2013a , b, c, 2014a . Huang (2004) pointed out there are many variants of the randomized response technique in the literature, but most do not dwell on the fundamental question: whether or not the issues considered in the survey should be regarded as sensitive, meaning that there is a need for a randomized response procedure rather than a direct response procedure. In general, the probability T is a measure instrument of the sensitivity (see Huang, 2004) . It has a primary use in appraising the efficiency of different survey plans. One may use a simple formula for ascertaining whether a randomized response technique is beneficial in efficiency relative to a DR scheme. However, the probability T is unknown in actual practice. To overcome such a difficulty, Chang and Huang (2001) , Huang (2004) , and Chang et al. (2004a) have suggested alternative survey strategies which make it possible to estimate the unknown parameters π and T simultaneously. Two alternatives to Huang's (2004) randomized response model, based on Singh (1993) models, are proposed.
A Brief Review of Randomized Response Models Warner's Models
In order to improve respondent cooperation and to encourage honest response, Warner (1965) proposed the following procedure, known as a randomized response technique (RRT). Instead of a DR procedure, a randomization device is used to gather sample information consisting of one of two statements: (i) "I am a member of group A" (ii) "I am not a member of group A" with probabilities P and (1 -P) respectively. Following this device, the respondent selects a statement unobserved by the interviewer, and then simply gives a "Yes" or "No" answer in a random sample of n respondents. By the method of moments, Warner obtained an unbiased estimator of the population proportion π possessing the sensitive attribute A: 
where θ W = πP + (1 -π)(1 -P).
Singh Models
Singh (1993) developed two randomized response techniques named RRT1 and RRT2 which are given below.
RRT1:
In this procedure, each interviewee in A with replacement simple random sample of size n is provided with one randomized response device. It consists of the statement "I belong to the sensitive group" with known probability P, exactly the same probability as used by Warner (1965) and the statement "Yes" with probability (1 -P). The interviewee is instructed to use the device and report "Yes" or "No" for the random outcome of the sensitive statement according to his/her actual status. Otherwise, he is simply to report the "Yes" statement observed on the randomized response device. The whole procedure is completed by the respondent, unobserved by the interviewer. Then θ 1 , the probability of a "Yes" answer in the population, is
An unbiased estimator of π due to Singh (1993) is given by
 is the proportion of "Yes" answers in the sample of size n.
The variance of the estimator 1S
 is given by
RRT2:
This procedure is exactly like RRT1 except for a change in probabilities on the randomized response device, i.e., the probabilities for the "sensitive" statement and "Yes" statement have been interchanged. The probability of a "Yes" response is then
with variance is given by
Huang (2004) showed that his procedure resulted in better performance as compared to the Warner (1965) and Chang and Huang (2001) procedures.
Huang Model
In this procedure, a simple random sample of size n is drawn with replacement from a finite population. The sampled individuals are required to reply to a direct query as to whether or not they belong to A. When answering "No", the respondent is provided with a randomization device consisting of two statements:
(i) "I am a member of A" (ii) "I am not a member of A" with probabilities P and (1 -P), respectively. It is assumed that the respondents belonging to A give totally honest responses under the randomized response procedure, but with probability T following the usual direct response procedure. The probability of a "Yes" response in the direct response procedure is given by 1 T   , and in the randomized response procedure by
Huang (2004) 
Proposed Procedures
HRRT1
In this procedure, a simple random sample of size n is drawn with replacement from a finite population. The sampled individuals are instructed to answer a direct query as to whether or not he/she belongs A. When answering "No", the respondent is provided with a randomization device. It consists of the statement "I belong to the sensitive group" with known probability P, exactly the same probability as used by Warner (1965) , and the statement "Yes" with probability (1 -P) (Singh 1993, p. 68) . The interviewee is instructed to use the device and report "Yes" or "No" for the random outcome of the sensitive statement according to his/her actual status. Otherwise, they are simply to report the "Yes" statement observed on the randomized response device. The whole procedure is completed by the respondent, unobserved by the interviewer. Then θ t1 , the probability of a "Yes" answer in the population, is  can be obtained as follows:  , which is presented in the following theorem:
Theorem 3. The unbiased estimator of the MSE of ˆD  is given by
The proof is straightforward and is therefore omitted.
To obtain the bias and MSE of the estimator T , we write 11
    , and it follows that E(d 1 ) = PπT and E(d 2 ) = πP. The estimator T can then be represented as
and the estimation error of the estimator 1 T can be expressed as
We then state the following theorem:
Theorem 4. The MSE of the estimator 1 T , up to terms of order o(n − 1 ), is given by
Hence the theorem.
HRRT2
In this proposed method, a simple random sample of size n is drawn with replacement from a finite population. The sampled individuals are required to reply a direct query as to whether or not they belong to A. When answering "No", the respondent is provided with a randomization device consisting of the statement "I belong to the sensitive group" with known probability (1 -P), exactly the same probability as used by Warner (1965) , and the statement "Yes" with probability P (Singh 1993, p. 68) . The interviewee is instructed to use the device and report "Yes" or "No" for the random outcome of the sensitive statement according to his/her actual status. Otherwise, they are simply to report the "Yes" statement observed on the randomized response device. The whole procedure is completed by the respondent, unobserved by the interviewer. The probability of a "Yes" answer in the population is then 1 t T   and in the randomized response procedure is
The proposed estimators of π and T are given by
 are the observed proportion of "Yes" answers. The principal properties of the estimator 2a  are outlined in the following theorem:
Theorem 5. The estimator 2a
 is unbiased with variance given by
Proof. 
An unbiased estimator of the variance   2 V a  can easily be obtained, which is given in the following theorem.  , which is presented in the following theorem.
Theorem 7. The unbiased estimator of MSE of 2D  is given by
The proof is straightforward and omitted. Now to obtain the MSE of 2 T , we define
T can then be represented as
. We then define the following quantities:
assuming that |e 1 | < 1 so that the function (1 + e 2 ) -1 can be validly expanded as a power series. It can be verified that
and the estimation error of the estimator 2 T can be expressed as
Theorem 8. The MSE of the estimator 2 T , up to terms of order o(n − 1 ), is given by 
Theoretical Comparisons
Comparisons of the proposed estimators 1a  and 2a  with Warner's estimator ˆW  From (3) and (8), 
The condition (14) is always true as long as P > 1/3. Thus the proposed estimator is more efficient than the Warner's (1965) estimator ˆW
It is further observed from (3) and (11) 
i.e. if [P(2 − 3P) + (2P -1) 2 π(1 + T)] > 0, which is always true if P < 2/3. Thus the proposed estimator 2a  is better than Warner's (1965) estimator as long as P < 2/3. (7) and (8), 
Comparisons of the proposed estimators
Thus the proposed estimator 1a
 is more efficient than Huang's (2004) estimator ˆH  as long as either inequality (16) or (17) is satisfied.
We note from (15) that the difference    
which is a sufficient condition for the proposed estimator 1a  to be more efficient than Huang's (2004) 
It follows that the proposed estimator 1 T is better than Huang's (2004) From (18) 
The condition (23) is sufficient for the proposed estimator 2a  to be better than Huang's (2004) estimator ˆH T . From (7) and (12),
It follows that the proposed estimator 2 T is more efficient than Huang's (2004) From (10) and (12) 
Thus if P > 1/2 holds, the proposed estimator 1 T is better than the estimator 2 T . On the other hand, for P < 1/2, the proposed estimator 2 T would be better than 1 T .
Comparisons of the proposed estimators  

12, aa
 with direct estimator ˆD  .
From (2) and (7) we have
Thus the proposed estimator 1a  is more efficient than the direct estimator ˆD  if the inequality (31) holds. From (2) and (11) we have
It follows that the proposed estimator 2a
 is more efficient than the direct estimator ˆD  if the condition (32) holds.
Numerical Illustration
This illustration is provided to give a tangible idea about the magnitude of the relative efficiency of the suggested procedures with respect to the Huang (2004) and 
Respectively.
Using the formulae (33)-(42), we have computed There is substantial gain in efficiency through use of the proposed estimator 1a  over direct estimator ˆD  for all values of (P, π, T) considered here.
It is observed from Finally we conclude that the proposed procedures are superior to the Huang (2004) procedure and hence the Chang and Huang (2001) procedure, and to the usual direct procedure.
Conclusion
Randomized response procedures are attractive mechanisms for counteracting fears in response and providing with valid statistical inferences concerning a population. The proposed randomized response procedure allows us to estimate the population proportion π unbiasedly and to get an admissible estimator for T, which is an unattainable feature for most of the competing methods. It has been shown theoretically and empirically that the proposed procedures are better than the Warner (1965) , Huang (2001), and Huang (2004) procedures. The unbiased estimators of the MSE are provided for the direct response survey based on the proposed RR techniques. The suggested procedure is therefore recommended for application in survey sampling practice. 
